In this paper we prove that the Dunkl intertwining operator Vk deflned only on the space of polynomials on Itd, can also be extended to an operator V: on spaces of functions and distributions. We study also its dual 'Vk and we prove that for each 
INTRODUCTION
We consider the differential-difference operators Tj, j = 1,2,. . . , d, on Wd, associated with a positive root system R+, a nonnegative multiplicity function k and index 7 > 0, introduced by C.F. Dunkl in [3] and called Dunkl operators in the literature. These operators are very important in pure Mathematics and in Physics. They provide a useful tool in the study of special functions with root systems [4] , [8], [2] , and they are closely related to certain representations of degenerate affine Hecke algebras [I] , [20] , moreover the commutative algebra generated by these operators has been used in the study of certain exactly solvable models of quantum mechanics, namely the Calogero-Sutherland-Moser models, which deal with systems of identical particles in a one dimensional space (see [lo] , [14] , [15] In this paper we prove that the operator V k can be extended to a topological In the case d = 1 we give the relation between the operator V ; and the Riemann-Liouville integral transform R,-lls (see [25] p. 26-27, and 24 p. 74) and by using properties of this operator we determine the operator (V,)" as an integro-differential operator (see [18] ).
The method applied to obtain the preceding results in the general case, consists to study the dual Dunkl intertwining operator t~k given for all f in D ( R~) (the space of Coo-functions on R~ with compact support) by
where F is the classical Fourier transform on Itd. Next we determine the relations between this operator and & which permit to define V :
, to study its inverse (V:)-' and to establish their properties. Now we state the main results concerning the operator tVk and its inverse. The operator tVk is a topological isomorphism from z ) ( R~) (resp. s ( R~) the space of Cm-functions on !Rd, rapidly decreasing as their derivatives) onto itself, satisfying the permutation relations When f is radial we show that t~k ( f ) takes the form where 7 and dk are positive constants which will be defined in the first section, F is the function on [0, +mI given by f (x) = F(JJxJI) = F(r), with r = Ilxll, and
Wy-112(F) is the Weyl integral transform defined by
We obtain also in this case the inverse operator (tVk)-l as an integro-differential operator (see [25] p. 41-50, see also [24] p. 81 and 85). Next we prove that the operator tVk possesses an integral representation. More precisely for each y E Ktd there exists a positive measure v, on the Bore1 a-algebra of Wd with support in the set {x E iRd/llx(l 1 Ilyll) such that for all f in 'D(lRd)
we have
~d
We show also that for each y E lRd there exists a distribution Z, in S'(iRd) (the space of tempered distributions on Wd) with support in {x E lRd/llxll > IIyII) such
In the case d = 1 we give the relation between the operator t~k and the Weyl integral transform Wy-lIP defined by (7), and by using the properties of this operator we obtain ( t~k ) -l as an integro-differential operator (see [18] ).
DUNKL OPERATORS AND THE DUNKL TRANSFORM
In this section we collect some notations and results on Dunkl operators and the Dunkl transform that we will use later (see [4] , [5] , [9], (121, [13] ).
Reflection groups, Root systems and Multiplicity functions
We consider Wd with the euclidean scalar product (. , .) and llxll = m.
d
On cd, 1) 11 denotes also the standard Hermitian norm, while (a, w ) = C z j a j .
i=l
For cu E Wd \{O), let a, be the reflection in the hyperplane H, C Wd orthogonal to a, i.e.
A finite set R C Wd\{O) is called a root system if R n W . a = {fa) and a a R = R for all a E R. For a given root system R the reflections u a , a [20] ).
We will use also the following abbreviations: P = @[IRd] denotes the algebra of polynomial functions on Wd, and Pn, n E NU{O), the subspace of homogeneous polynomials of degree n.
For an integrable function f on H P~ with respect to the measure wk(x)dx we have the relation
where do is the normalized surface measure on the unit sphere sd-' of Wd.
Using the homogeneity of wk the relation (14) can also be written in the form
In particular if f is radial (i.e. SO(d)-invariant), then there exists a function F on [0, +oo[ such that f ( x ) = F(11x11) = F(r), with r = 11x11, and the relation (15) takes the form -c(Rd) (resp. Cc(lRd)) the space of continuous functions on Itd (resp. with compact support).
-cp(lRd) (resp. C[(IRd)) the space of functions of classe CP on Rd (resp. with compact support).
-&(IRd) the space of Cm-functions on IRd.
-S(IRd) the space of Cm-functions on IRd which are rapidly decreasing as their derivatives.
-v(IRd) the space of Cm-functions on IRd which are of compact support.
We provide these spaces with the classical topology.
The Dunkl operators Tj, j = 1,. . . , d, on lRd msociated with the finite reflection group W and multiplicity function k are given by
In the case k = 0, the Tj, j = 1,2,. . . , d, reduce to the corresponding partial derivatives. In this paper, we will assume throughout that k 2 0 and 7 > 0.
Some properties of the Tj, j = 1,. . . , d, axe given in the following proposition.
Proposition 2.1.
i) The set {Tj)lsjld generates a commutative algebra of differential-difference operators on P.
ii) Each Tj is homogeneous of degree -1 on P, i.e. T'p E 'P,-1 for p E P,.
iii) The operators Tj, j = 1,. . . M. Rijsler has proved in [21] that the operator Vb possesses the following integral representation.
Proposition 2.3. For each x E Wd there exists a unique probability measure px on the Borel a-algebra of Itd, such that for all p in P:
Rd
The representing measures px are compactly supported with Moreover, they satisfy
for each r > 0, w E W and each Borel set C c Itd.
For d = 1 and W = &, the multiplicity function k is a single parameter denoted 7 > 0, and for all x E R, wk(x) = lxIa7. In this case C.F. Dunkl has proved in [4] that the operator Vk is given for all p in P by The Dunkl kernel K ( x , y) on Itd x !Rd1 which generalizes the usual exponential function exp ( ( 2 , y) ), has been introduced in [4] by means of the operator Vk.
The Dunkl kernel K is now defined as
n=O (27) For y E !Rdl the function x K ( x , y) may be also characterized as the unique analytic solution on H P~ of the system This kernel has a unique holomorphic extension to cd x cd. This example is connected with the quantum harmonic oscillator of Yang [28] . The Dunkl kernel possesses the following properties. iii) For all x, y E IRd and w E W we have K(-ix, y) = K(ix, y) and W w x , wy) = K(x, y).
From Proposition 2.3 we deduce that the function K(x, z) admits the following Laplace type integral representation Proposition 2.5. For all x E Itd and z E cd we have ~( z , r ) = Je(u+) dp.(y),
R d
where p, is the probability measure defined in Proposition 2.3.
Remark. The function Jw defined by
is called "generalized Bessel function". In some cases (for Weyl group W and certain discrete sets of multiplicity functions) it is interpreted as the spherical function for some Euclidean symmetric space. There are no similar interpretation known for the kernel K (see 1121 p. 161).
The Dunkl transform
The This transform has the following properties
The following theorems are proved in [12] , 1131. 
T H E SPACES H ; ( I P~) A N D H;,,,,(C2)
In this section we define the spaces H; (Rd) 
E L : ( H P~) ) . (42)
The following propositions give properties of these spaces. ii) The norm I( llL,k is equivalent to the norm J ) u J J i r = C IITa~IIi,a. 
.€R rnEN where C" (fl) is the space of Cw -functions on fl.
THE DUAL DUNKL INTERTWINING OPERATOR
In this section we define the dual Dunk1 intertwining operator and we give an integral representation of it.
The operator tVk
Deflnition 4.1. We define the operator tfi on s(Wd) by 
where B ( 0 , a ) is the closed ball of center 0 and radius a > 0.
Proof.
i) We deduce the result from Theorem 2.2, and properties of the classical inverse 
Theorem 4.3. The operator Vk is a topological isomorphism from onto itself. The inverse operator is given by (K1(7), f ) = (7, ( '~1 -' ( f ) ) , f E s ( R d ) . (52)
Proof. We deduce these results from (51) and Theorem 4.1.
Theorem 4.4. For all 7 in V ' ( R d ) we have where Tj is the Dunkl operator on V'(lRd) given by ( T j T , f ) = -( T , T j f ) , f E ~(~~1 s (54)
Proof. We deduce the result from (51), (54) 
where Vk is the Dunkl intertwining operator given by (21). Then the distribution Vk(7,) is given by the function Vk(p)wk.

ii) For p in P and f in D ( R~) we have
&(p)(x) f ( x ) w k ( x ) d x = / P ( v ) t~k ( f ) (~) d~. (56)
i) It suffices to prove (55) for p(x) = xu, v E I @ . From (51) we have for f in
Rd
By using (46), the relation (57) can be written in the form ( V k ( z w ) , f ) = F [ x U 7 -' ( 3~( f ) ) ] ( o ) , then properties of the transform 3 imply (Vk (%), f ) = i " " D " F D (~ )(o), thus by derivation under the integral sign we obtain But from (33) and (23) we deduce that [iiu1D!K(-ix, A)] = V , ( y Y ) ( x ) .
Thus (58) takes the form
X=O
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Remark. Theorems 4.3, 4.4 and 4.5 show that the operator v k is the Dunkl intertwining operator on spaces of distributions.
As V k ( l ) = 1, we deduce from the relation (56) the following result which is like the relation (22) for the operator Vk.
Corollary 4.1. For all f i n 'D(IRd) we have 1 '~( f ) ( s )
Remarks.
i) The relation (56) is also true for all f in s(lkd).
ii) The relation (59) gives the following other expression for the Mehta-type constant Ck defined by (13):
iii) As the operator tVk satisfies the relation (56) we say that t~k is the dual of the operator Vk, and we call it the dual Dunkl intertwining operator.
Integral representation of t~k
The following result gives the expression of t V k ( f ) when f is radial.
Theorem 4.6. i) For f an 37(lkd) radial, the function t V k ( f ) is radial.
ii) For all f i n 'D(EXd) radial, we have
where F is the function on [O,+m[ given by f ( x ) 
Remark. The relation (67) shows that for f radial the transform f + t f i ( f )
coincides with the Weyl integral transform F + W 7 -l I a ( F ) . To prove (73) we proceed as follows.
We consider first f in v(HPd) radial. In this case we obtain (73) from Theorem 4.8. 
T H E D U N K L I N T E R T W I N I N G O P E R A T O R O N SPACES O F F U N C T I O N S
In this section we define and study the Dunkl intertwining operator on different spaces of functions on Itd.
Definition 5.1. We define the Dunkl intertwining operator V f on c(lRd) by
where p, is the measure given in Proposition 2.3.
The properties of this operator and of its dual t~k have been studied in [18] .
We give in the following proposition some properties of the operator vf.
Proposition 5.1. Let g be in C(lRd).
i) For all x in the ball B(0, a), we have JVf(g) (x)l 5 sup Ig(y)l.
u€B (O,a) ii) The function v:(~) belongs to c(w~).
iii) We have V : ( g ) (~) = g(0). iv) When g is bounded we have IIV:(g)llu I llgllu, where IJglIu = sup Ig(x)l. (56) and (49) we have for p in 'P:
X E R~
Proof
Corollary 6.1. Let g be in c(lRd) and 6 the distribution given by g. Then the distribution V h ( 7 , ) defined by (51) is given by the function Vf(g) wk.
i) We identify a function h in C(lRd) with the distribution fiw, of TJ'(&Cd) given by the function hwk.
ii) Let 7 be in v'(!Rd) and cp in v(Itd) W-invariant, then from (20) and (54) we obtain 
Proof. From Proposition 2.5 we have for all x, y E !Rd:
R d
On the other hand from Definition 5.1 we have for g in s(Itd):
Remark. The relation (84) is also true for g in L ' (Itd, dx) (the space of integrable functions on Itd with respect to the Lebesgue measure) such that F 1 ( g ) belongs to L ' ( I R~,~x ) .
THE INVERSE DUNKL INTERTWINING OPERATOR (V;)"
In this section we prove that the Dunk1 intertwining operator V: is an isomorphism from &(iRd) onto itself and we determine its inverse ( @ ) -I . Proof. From (52) and (48) we have Proof. We obtain the result from Theorem 6.3 and Proposition 2.3.
Remarks.
1 i) For p in P the function (v;)-'(p) possesses the following form
Since p is a polynomial the formal exponential is a terminating series (see (61, p. 189) .
ii) For f in 27(Rd) the function (v;)-'(f) is given by (87). It has been given also in [23] , p. 897.
Example 6.1. When d = 1 and W = Z2, we have shown in [la] that the Dunk1 intertwining operator V : defined by the relation (78) can also be written for all f in C(R), in the form where f, (resp. fo) the even (resp. the odd) part of f , R7-l12 the RiemannLiouville integral transform defined for all even continuous function g on R by (see [25] p. 26-27, and [24] p. 74), and I the operator given by Using properties of the transform R+, -lla we prove that the inverse operator (v:)-'
can be written for all f in &(It), in the following form
It is an integro-differential operator.
In the same work we have studied also the dual tVk of the operator V : 
-00
From the relation (101) and properties of the transform W,-1/2 we deduce that the inverse operator (t&)-l possesses for all f in D(iR), the following form
It is also an integro-differential operator.
Example 6.2. We consider the Dunkl intertwining operator V : on Wd of index n 7 = C ai, ai > 0, associated with the reflection group Za x Z2 x . . -x Z2, given 1=1 for all f in c(Wd) by Vx E R~, v;(f)(x) = For f in P this formula is first appeared in [27] .
The transform V : can also be written in the form where for all g in C(W) we have
Using the results of the previous example we determine the inverse operator (v:)-' , the dual operator *V, and its inverse (%)-I. We deduce from (99) and (103) that the operators (v:)-' and ( t vk))-l are integro-differential operators.
We remark that if one or much ai are equal to zero, we replace the corresponding (@)' in the definition (105) of the operator Vj, by the operator identity.
